Inspired by a result of Carathéodory [Über den Variabilitätsbereich der Fourierschen Konstanten von positiven harmonischen Funktionen, Rend. Circ. Mat. Palermo 32 (1911) 193-217], the Carathéodory number of a convexity space is defined as the smallest integer k such that for every subset U of the ground set V and every element u in the convex hull of U , there is a subset F of U with at most k elements such that u in the convex hull of F . We study the Carathéodory number for generalized interval convexities and for convexity spaces derived from finite graphs. We establish structural properties, bounds, and hardness results.
Introduction
Several classical statements concerning convex sets in R d have inspired generalizations for abstract convexity spaces [28] .
Here we study problems related to Carathéodory's theorem [5, 17] , which states that every point in the convex hull of a set of points in R d is already in the convex hull of a subset of order at most d + 1. We consider aspects of Carathéodory's theorem for generalized interval convexities as well as for convexity spaces derived from finite graphs. Before we explain our contributions, we summarize some terminology and previous results.
Finite convexity spaces
A finite convexity space is a pair (V , C) where V is a finite set and C is a collection of subsets of V such that
• ∅, V ∈ C, and • C is closed under intersections.
The sets in C are considered the convex sets. The convex hull H(U ) of a subset U of V is the intersection of all convex sets containing U . Equivalently, it is the smallest superset of U in C. The Carathéodory number of (V , C) is the smallest integer k such that for every subset U of V and every element u in H(U ), there is a subset F of U with |F | k and u ∈ H(F ). Using this terminology, Carathéodory's theorem [5] states that the Carathéodory number of R d is at most d + 1. Note that for finite convexity spaces, the Carathéodory number is always well defined. A subset U of V is a Carathéodory set if the set
is not empty. This notion allows an equivalent definition of the Carathéodory number as the largest cardinality of a Carathéodory set. Carathéodory sets are also known as irredundant sets or C -independent sets. There are two natural algorithmic problems associated with the Carathéodory number.
Carathéodory Number
Instance:
A finite convexity space (V , C) and an integer k.
Question:
Is the Carathéodory number of (V , C) at least k, or equivalently, is there a Carathéodory set of order at least k?
Local Carathéodory Number
A finite convexity space (V , C), a subset U of V , an element u of H(U ), and an integer k.
Question:
Is there a subset F of U with u ∈ H(F ) and |F | k?
Whenever we consider the complexity of one of these problems for a specific convexity, we need to specify the way in which this convexity is encoded.
Graph convexities
We only consider finite, simple, and undirected graphs. Most established convexity spaces derived from such a graph G are defined using a set P of paths in G [10, 14, 21, 23] . Given G and P, a subset U of the vertex set V (G) of G is convex if for every path P : u 0 . . . u l in P whose endvertices u 0 and u l belong to U also all internal vertices u 1 , . . . , u l−1 belong to U . If C denotes the collection of all such convex sets, then (V (G), C) is a finite convexity space. Natural and well studied choices for P include
• the set of all shortest paths leading to the geodetic convexity of G [3, 12, 19, 24] ,
• the set of all induced paths leading to the monophonic convexity of G [13, 16, 23] ,
• the set of all paths leading to the all paths convexity of G [8] ,
• the set of all triangle paths leading to the triangle path convexity of G [9, 11] ,
• the set of all induced paths of length at least 3 leading to the m 3 -convexity of G [15] , and
• the set of all paths of length two leading to the P 3 -convexity of G [2, 6, 7] .
The P 3 -convexity was originally considered first for directed graphs [18, [25] [26] [27] . For some of the above convexities, the Carathéodory number is well understood. In the monophonic convexity [16] it is 2 for graphs with a non-complete component, and 1 for all other graphs. In the triangle path convexity [9] it is 2 for graphs with a component of order at least 3 and 1 for all other graphs. Similarly, it is very easy to see that the Carathéodory number in the all paths convexity is the same as in the triangle path convexity.
For certain graphs, some of the above convexities coincide. In distance-hereditary graphs [22] , for instance, the geodetic and the monophonic convexity are the same, which implies that the Carathéodory number of the geodetic convexity of such graphs is as specified above.
In [2] we showed that Carathéodory Number is NP-complete in P 3 -convexity even restricted to bipartite graphs. Here an instance of Carathéodory Number would be a graph G and an integer k, that is, the P 3 -convexity of G is only encoded implicitly by G itself. Next to this complexity result, we established an upper bound on the Carathéodory number in P 3 -convexity and developed an efficient algorithm for block graphs.
Our contribution
In the present paper we extend and complement earlier results. In Section 2 we consider r-interval convexities, which generalize the considered graph convexities. We prove the existence of Carathéodory sets of many sizes in such convexities and establish a best possible upper bound on their Carathéodory number. In Section 3 we prove that Carathéodory Number and Local Carathéodory Number are NP-complete in geodetic convexity. Furthermore, we prove that the Carathéodory Number of the geodetic convexity of split graphs is at most 3. Finally, in Section 4 we prove that Local Carathéodory Number is NP-complete in P 3 -convexity.
Generalized interval convexities
For a set V and an integer k, let A finite convexity space (V , C) is an interval convexity [4] if there is a so-called interval function I :
V such that a subset C of V belongs to C if and only if I({x, y}) ⊆ C for every two distinct elements x and y of C . Clearly, all graph convexities from Section 1.2 are interval convexities. In fact, given a graph G and a set P of paths in G, then I {x, y} = {x, y} ∪ {z | z lies on a path in P between x and y} (1) has the desired properties.
More generally, we say that a finite convexity space (V , C) is an r-interval convexity for some integer r 2 if there is a so-called r-interval function I : 
Proof. Let I denote an r-interval function of (V , C).
By the definition of r-interval convexities, there is a sequence
, and
which completes the proof. 2
Theorem 2.1 implies some algorithmic consequences for Carathéodory Number. If a finite convexity space (V , C) is an r-interval convexity, then there is a Carathéodory set of order at least k if and only if there is a Carathéodory set of some order in {k, k + 1, . . . ,k + r − 2}. Therefore, in order to solve Carathéodory Number for a fixed value of k, one only has to consider subsets of V of order between k and k + r − 1.
The following consequence of Theorem 2.1 is implicit in [16] .
Corollary 2.2. Every finite 2-interval convexity with Carathéodory number c has Carathéodory set of every order between 1 and c.
The following result generalizes a bound in [2] . A strictly r-ary tree is a rooted tree in which every internal vertex has exactly r children. Proof. Let I denote an r-interval function of (V , C). Let S be a Carathéodory set of order c. If c < r, then, since every set of order less than r is convex, it follows that c = 1 and (2) is satisfied. Hence we may assume c r, which implies that no element of S belongs to ∂ H(S). This implies the existence of a sequence u 1 , . . . , u l of elements of V \ S such that We assume that the sequence u 1 , . . . , u l is chosen shortest possible, that is, l is minimum. Let U = {u i | 1 i l}. Let the directed graph T have vertex set V (T ) = S ∪ U and arc set
We consider the outdegree d 
and hence c (r − 1)l + 1. Since |V | |V (T )| = c + l, we obtain c (r − 1)l + 1 (r − 1)(|V | − c) + 1, which implies (2).
We proceed to the characterization of the cases leading to equality in ( 
(S u ). If there is some subset S u of S with S u S u and u ∈ H(S u ), then S = (S \ S u ) ∪ S u is a proper subset of S and H(S ) contains every vertex of T that is neither u nor an ancestor of u in T . Since u belongs to H(S u ), this implies that u and all ancestors of u in T belong to H(S ). Hence u l belongs to H(S ), which contradicts u l ∈ ∂ H(S).
Hence for every vertex u of T , the set S u is the unique minimal subset of S with u ∈ H(S u ), which completes the proof of the "only if" part. Now, we establish the "if" part. Let T be as in the statement. Since T is a strictly r-ary tree, the set S of leaves contains exactly Proof. The proof is by induction on k. If k = 0, then x ∈ I 0 (U ) implies that x ∈ U and F = {x} has the desired properties. Proof. Using shortest paths algorithms, the convex hull of a set of vertices of some graph can be determined efficiently. Therefore, it can be checked in polynomial time whether a given set of vertices is a Carathéodory set, which implies that Carathéodory Number in geodetic convexity is in NP. In order to complete the proof, we describe a polynomial reduction of the NP-complete problem 3SAT 5 (cf.
[LO2] in [20] ) to Carathéodory Number.
3SAT 5
A set X of variables and a collection C of clauses over X such that every clause in C contains exactly 3 literals and for every variable x in X, there are at most 5 clauses in C that contain either x orx.
Question:
Is C satisfiable? Starting with the empty graph, we construct a graph G as follows.
• For the clause C 1 , add to G a copy of the gadget in Fig. 1 with i = 1 and t = 3 and denote its vertex set by
• For the clause C i with i ∈ {2, . . . ,m − 1}, add to G a subgraph formed by the union of three disjoint copies of the gadget in Fig. 1 and denote their vertex sets by
. Furthermore, add edges between the vertices in V i to form the gadget in Fig. 2. • For the clause C m , add to G a copy of the gadget in Fig. 1 • Add two vertices a and a that are adjacent to all vertices of Z .
• For every i ∈ {1, . . . ,m − 1} and j, j ∈ {1, 2, 3}, add the edge w
• For every pair of literals i, j , p,q of C that belong to different clauses and are not the negation of each other proceed as follows.
-If {i, p} ∩ {1, m} = ∅, then add the 9 edges
-If {i, p} ∩ {1, m} = {1}, say i = 1, then add the 3 edges u This completes the construction of G.
It remains to prove that C is satisfiable if and only if G contains a Carathéodory set with at least k vertices. We first prove the necessity, that is, we assume that C is satisfiable. Let A be a truth assignment satisfying C. We define a set S ⊆ V (G) of order k as follows. For each clause C i , choose exactly one literal i, j i satisfied by A and add to S
• the vertex w is an induced path and {u
} is a complete set.
By construction, it follows easily that w
Since S \ {w
} is a complete set, we have w For the proof of the sufficiency, we establish the following claim. 
Claim. Every Carathéodory set S of G with at least k vertices has the following properties.
(i) S ∩ (Z ∪ {a, a }) = ∅. (ii) S ∩ U is
}) = V (G).
This completes the proof of (i).
(ii) First, we assume to the contrary that S ∩ U contains two vertices u and u that are not adjacent. Recall that u and u
